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STATISTICS AND PROBABILITY 

1. (a) Let C and G be the event “it’s a cloudy day” and “Amos goes to school” 

respectively.  𝑃(𝐶) =
3

5
, 𝑃(𝐺 𝐶⁄ ) =

7

10
, 𝑃 (𝐺 𝐶1⁄ ) =

1

5
 

      𝑃 (𝐶 𝐺1⁄ ) =
𝑃(𝐶𝑛𝐺1)

𝑃(𝐺1)
=

𝑃(𝐶)𝑥𝑃(𝐺
1

𝐶⁄ )

𝑃(𝐶𝑛𝐺1)+𝑃(𝐶1𝑛𝐺1)
=

3

5
𝑥
3

10
3

5
𝑥
3

10
+
2

5
𝑥
4

5

=
9

25
 

      (b) (i) For independent events 𝑃(𝑃𝑛𝑄) = 𝑃(𝑃)𝑥𝑃(𝑄) 

               𝑃(𝑃) = 𝑃(𝑃𝑛𝑄) + 𝑃(𝑃𝑛𝑄1) 

             (𝑃𝑛𝑄1) = 𝑃(𝑃) − 𝑃(𝑃)𝑥𝑃(𝑄) = 𝑃(𝑃)[1 − 𝑃(𝑄)] = 𝑃(𝑃)𝑥𝑃(𝑄1)   

          Hence P and Q1 are also independent events 

         (ii) 𝑃(𝑃𝑢𝑄) = 𝑃(𝑃) + 𝑃(𝑄) − 𝑃(𝑃𝑛𝑄) 

                 0.75 = 0.25 + 𝑃(𝑄) − 0.25𝑥𝑃(𝑄)     𝑃(𝑄) =
0.5

0.75
=
2

3
 𝑜𝑟 0.6667     

2. 𝑛 = 40, 𝑝 =
40

100
=
2

5
, 𝑞 =

3

5
  

Let x be a r.v “number of delegates supporting the salary increase 

𝑥~𝐵 (450,
2

5
) Since n>20 then, 𝑥~𝑁(𝜇, 𝜎2)  

 But 𝜇 = 450𝑥
2

5
= 180,  𝜎2 = 450𝑥

2

5
𝑥
3

5
= 108 

(a) 𝑃(𝑥 < 150) = 𝑃 (𝑧 <
149.5−180

√108
) 

                        = 𝑃(𝑧 < −2.935) = 0.5 − ∅(2.935) = 0.5 − 0.0017 = 0.4983 

 

(b) 𝑃(160 < 𝑥 < 170) = 𝑃 (
159.5−180

√108
< 𝑧 <

170.5−180

√108
) 

     = 𝑃(−1.973 < 𝑧 < −0.914) = ∅(0.914) − ∅(1.973) = 0.1804 − 0.0243

= 0.1561 

3.  

Class boundaries Mid-point, x f fx fx2 Freq. density 

176.5 - 186.5 181.5 12 2178 395307 1.2 

186.5 – 191.5 189 8 1512 285768 1.6 

191.5 – 196.5 194 8 1552 301088 1.6 

196.5 – 201.5 199 9 1791 356409 1.8 

201.5 – 206.5 204 7 1428 291312 1.4 

206.5 – 216.5 211.5 6 1269 268393.5 0.6 

  ∑𝑓 = 50 ∑𝑓𝑥

= 9730 

∑𝑓𝑥2

= 1898277.5 
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(a)  Modal class is (197 – 201) 

 

(a) (i) Mean, 𝑥̅ =
9730

50
= 194.6𝑐𝑚 

(ii) Standard deviation = √
1898277.5

50
− (194.6)2 = 9.8178𝑐𝑚 

(iii) Mode=196.5 +
0.2

0.2+0.4
𝑥5 = 198.1667𝑐𝑚 
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4. (i) 𝑃(𝐵 𝐴⁄ ) =
𝑃(𝐵𝑛𝐴)

𝑃(𝐴)
= 0.2   

    But 𝑃𝐴𝑢𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴𝑛𝐵) 

                  0.6 = 𝑥 + 𝑦 − 𝑃(𝐴𝑛𝐵)     ∴ 𝑃(𝐴𝑛𝐵) = (𝑥 + 𝑦) − 0.6 

    Hence 
(𝑥+𝑦)−0.6

𝑥
= 0.2      ∴ 4𝑥 + 5𝑦 = 3………(𝑖) 

(ii) 𝑃(𝐵𝑢𝐶) = 𝑃(𝐵) + 𝑃(𝐶)    → 0.9 = 𝑦 + (𝑥 + 𝑦)     ∴ 10𝑥 + 20𝑦 = 9………(𝑖𝑖) 

(iii) Solving (i) and (ii) simultaneously gives  𝑥 =
1

2
𝑎𝑛𝑑 𝑦 =

1

5
 

 

5. Let A and G be events the person has been involved in an accident and wears glasses 

respectively.     𝑃(𝐴) =
9

30
, 𝑃(𝐺 𝐴⁄ ) =

5

9
 and 𝑃 (𝐺 𝐴1⁄ ) =

1

3
 

(a) 𝑃(𝐺) = 𝑃(𝐴𝑛𝐺) + 𝑃(𝐴1𝑛𝐺)      →  𝑃(𝐺) =  
9

30
𝑥
5

9
+
21

30
𝑥
1

3
=

8

15
 

(b) 𝑃(𝐴 𝐺⁄ ) =
𝑃(𝐴𝑛𝐺)

𝑃(𝐺)
=

9

30
𝑥
5

9
8

15

=
5

16
 

 

6. (a) (i) 𝑃(𝐴 𝐵⁄ ) =
𝑃(𝐴𝑛𝐵)

𝑃(𝐵)
    0.2 =

𝑃(𝐴𝑛𝐵)

0.1
   ∴ 𝑃(𝐴𝑛𝐵) = 0.02 

     Hence 𝑃(𝐴𝑢𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴𝑛𝐵) = 0.7 + 0.1 − 0.02 = 0.78 

     (ii) 𝑃 (𝐴 𝐵1⁄ ) =
𝑃(𝐴𝑛𝐵1)

𝑃(𝐵1)
=
𝑃(𝐴)−𝑃(𝐴𝑛𝐵)

𝑃(𝐵1)
=
0.7−0.02

0.9
= 0.7556   

 

(b) Let A, B and G be events for picking “box A”, “box B” and a “green ball”     

      respectively.    𝑃(𝐴) =
1

6
, 𝑃(𝐵) =

5

6
, 𝑃(𝐺 𝐴⁄ ) =

3

5
𝑎𝑛𝑑 𝑃(𝐺 𝐵⁄ ) =

1

5
 

      𝑃(𝐴 𝐺⁄ ) =
𝑃(𝐴𝑛𝐺)

𝑃(𝐺)
=

𝑃(𝐴𝑛𝐺)

𝑃(𝐴𝑛𝐺)+𝑃(𝐵𝑛𝐺)
=

1

6
𝑥
3

5
1

6
𝑥
3

5
+
5

6
𝑥
1

5

=
3

8
 

 

7.  

x 1 2 3 4 

F(x) 0.14 0.47 0.79 1.00 

P(X=x) 0.14 0.33 0.32 0.21 

 

(i) 𝑃(2 < 𝑥 ≤ 4) = 𝐹(4) − 𝐹(2) = 1 − 0.47 = 0.53   

or  𝑃(2 < 𝑥 ≤ 4) = 𝑃(𝑋 = 3) + 𝑃(𝑋 = 4) = 0.32 + 0.21 = 0.53 

 

(ii) Median, 𝐹(𝑥) ≥  0.5  Hence median = 3 

 

(iii) 𝑃 (𝑥 < 3 2 ≤ 𝑥 < 4⁄ ) =
𝑃(𝑥<3 𝑛 2≤𝑥<4)

𝑃(2≤𝑥<4)
=

𝑃(𝑥=2)

𝑃(𝑥=2)+𝑃(𝑥=3)
=

0.33

0.33+0.32
= 0.5077 

 

(iv) 𝑀𝑒𝑎𝑛 = 1x0.14 + 2x0.33 + 3x0.32 + 4x0.21 =  2.6   
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8. (i) 𝐴𝑡 𝑥 = 𝑎,    
2

13
(𝑎 + 1) =

2

13
(5 − 𝑎)      ∴ 𝑎 = 2         

 

∫
2

13
(𝑥 + 1)𝑑𝑥 + ∫

2

13

𝑏

2

2

0
(5 − 𝑥)𝑑𝑥 = 1   

2

13
[(
𝑥2

2
+ 𝑥)

0

2

+ (5𝑥 −
𝑥2

2
)
2

𝑏

] = 1         

 

2

13
[(2 + 2) + (5𝑏 −

𝑏2

2
) − (10 − 2)] = 1         

𝑏2 − 10𝑏 + 21 = 0  ∴ 𝑏 = 7 𝑜𝑟 𝑏 = 3 

Check: 𝑏 = 7, ∫  
2

13
(5 − 𝑥)𝑑𝑥

7

2
=

2

13
[5𝑥 −

𝑥2

2
]
2

7

=
2

13
[(35 −

49

2
) − (10 − 2)] =

5

13
 

             𝑏 = 3, ∫  
2

13
(5 − 𝑥)𝑑𝑥

3

2
=

2

13
[5𝑥 −

𝑥2

2
]
2

3

=
2

13
[(15 −

9

2
) − (10 − 2)] =

5

13
   

Hence 𝑎 = 2, 𝑏 = 3 𝑜𝑟 7 

                                                                                        

 
 

(ii) 𝐸(𝑥) = ∫
2

13
𝑥(𝑥 + 1)𝑑𝑥 + ∫

2

13

3

2
𝑥

2

0
(5 − 𝑥)𝑑𝑥                

               = 
2

13
[(
𝑥3

3
+
𝑥2

2
)
0

2

+ (
5𝑥2

2
−
𝑥3

3
)
2

3

] 

               = 
2

13
[(
23

3
+
22

2
) + (

5(3)2

2
−
33

3
) − (

5(2)2

2
−
(2)3

3
)] =

5

3
= 1

2

3
 

 

(iii) 𝑃(𝑥 < 2.5) = ∫
2

13
(𝑥 + 1)𝑑𝑥 + ∫

2

13

2.5

2

2

0
(5 − 𝑥)𝑑𝑥 

                          =
2

13
[(
𝑥2

2
+ 𝑥)

0

2

+ (5𝑥 −
𝑥2

2
)
2

2.5

]  

                          =
2

13
[(2 + 2) + (5𝑥2.5 −

2.52

2
) − (10 − 2)] = 0.8269 

 

 

 

 

 

0 ≤ 𝑥 ≤ 2 

𝑓(0) =
2

13
(0 + 1) =

2

13
, 𝑓(2) =

2

13
(2 + 1) =

6

13
 

2 ≤ 𝑥 ≤ 3 

𝑓(2) =
2

13
(5 − 2) =

6

13
, 𝑓(3) =

2

13
(5 − 3) =

4

13
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9. (a) (i) There is a positive relation between Physics and Maths 

     (ii) When Maths = 50, Physics = 71 
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Maths(x) Physics(y) Rx Ry D2 

28 54 7 7 0 

34 62 6 6 0 

36 68 5 4.5 0.25 

42 70 4 3 1 

52 76 3 1 4 

54 68 2 4.5 6.25 

60 74 1 2 1 

    ∑𝐷2 = 12.5 

 

𝜌 = 1 −
6𝑥12.5

7(72 − 1)
= 0.7768 

Since |ρ|=0.7768>0.75(table value), then there is significance of Maths on Physics 

performance at 5% level of significance based on 7 pairs of observations 

  

10. (a) Sample mean 𝑥̅ =
2.57

10
= 0.257       Population mean 𝜇̂ = 𝑥̅ = 0.257 

     Sample variance 𝑠2 =
0.6610

10
− (0.257)2 = 0.000051  

    Population Variance 𝜎̂2 =
10

9
𝑥0.000051 = 0.00057 

     95% 𝐶𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒 𝑙𝑖𝑚𝑖𝑡𝑠 = 0.257 ± 1.96𝑥
0.000057

√10
= (0.256996, 0.257003) 

 

(b) Let x be a r.v “ weight of ball bearings  𝑥~𝑁(25, 42) 

𝑃(24.12 < 𝑥̅ < 26.73) = 𝑃(
24.12 − 25

4

√16

< 𝑧 <
26.73 − 25

4

√16

) 

                                                         = 𝑃(−0.88 < 𝑧 < 1.73) 

                                                         = ∅(1.73) + ∅(0.88) 

                                                         = 0.4582 + 0.3106 

                                                         = 0.7688 

 

 

 

 

 

 

mailto:niyirinda@gmail.com


7 
 

Compiled by Theode Niyirinda, GHS 0776 286483/0703 033048  niyirinda@gmail.com     

 
   

11.  

Class boundaries Mid-point, x f fx c.f 

15 – 20 17.5 42 735 42 

20 - 25 22.5 52 1170 94 

25 - 30 27.5 28 770 122 

30 – 35 32.5 20 650 142 

35 – 40 37.5 18 675 160 

40 - 45 42.5 16 680 176 

  ∑𝑓 = 176 ∑𝑓𝑥 = 4680 
 

 

(a) Mean =
4680

176
= 26.5909        Median =25 +

(
176

2
−94)

28
𝑥5 = 23.9286 
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(b) (i) Proportion more than 27 years = 
106

176
=
53

88
 

     (ii) 80% Central limits = [38.5, 17.0 ] 

12.  
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Class boundaries Mid-point, 

x 

f fx fx2 Freq. density 

45 - 50 47.5 9 427.5 20306.25 1.8 

50 - 60 55 16 880 48400 1.6 

60 - 75 67.5 21 1417.5 95681.25 1.4 

75 - 80 77.5 17 1317.5 102106.25 3.4 

80 - 85 82.5 14 1155 95287.5 2.8 

85 - 90 87.5 5 437.5 38281.25 1.0 

90 - <100 95 7 665 63175 0.7 

100 - <105 102.5 4 410 42025 0.8 

105 - <110 107.5 1 107.5 11556.25 0.2 

  ∑𝑓

= 94 

∑𝑓𝑥

= 6817.5 

∑𝑓𝑥2

= 516818.75 

 

 

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 =  
516818.75

94
− (
6817.5

94
)
2

= 15.4261 

 

13. Mean, E(x) = ∫
1

𝑏−𝑎
𝑥𝑑𝑥

𝑏

𝑎
  

          = [
𝑥2

2(𝑏−𝑎)
]
𝑎

𝑏

    =
𝑏2− 𝑎2

2(𝑏−𝑎)
  =
(𝑏−𝑎)(𝑏+𝑎)

2(𝑏−𝑎)
 =
(𝑎+𝑏)

2
 

 

E(𝑥2)   = ∫
1

(𝑏−𝑎)

𝑏

𝑎
 𝑥2 dx  

         =[
𝑥3

3(𝑏−𝑎)
]
𝑎

𝑏

 =
𝑏3−𝑎3

3(𝑏−𝑎)
  =
(𝑏−𝑎)(𝑏2+𝑎𝑏+𝑎2)

3(𝑏−𝑎)
  =
𝑏2+𝑎𝑏+𝑏2

3
 

 

Hence Variance = E(𝑥2) – (𝐸(𝑥))2 

                         = 
𝑏2+𝑎𝑏+𝑎2

3
 –(

𝑎+𝑏

2
)
2

 

                         =  
𝑏2+𝑎𝑏+𝑎2

3
 - 
𝑏2+2𝑎𝑏+𝑎2

4
 

                         =
 4𝑏2+4𝑎𝑏+4𝑎2−3𝑏2−6𝑎𝑏−3𝑎2

12
  = 

𝑏2−2𝑎𝑏+𝑎2

12
   = 

(𝑏−𝑎)2

12
 

b) Mean:  1 = 
𝑏+𝑎

2
 

           𝑏 + 𝑎 =  2………………. (i) 
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   Variance:  
3

4
 = 
(𝑏−𝑎)2

12
 

            (𝑏 − 𝑎)2= 9 

              𝑏 − 𝑎 = 3……………………(ii) 

Solving (i) and (ii) simultaneously gives; 

 

 b = 2.5   and   a = -0.5 

 

(i)  P(X<0) =∫
1

(2.5−−0.5)

0

−0.5
𝑑𝑥   = 

1

3
[𝑋]−0.5

0  =
(0−−0.5)

3
  =
𝟏

𝟔
 

(ii) 𝑃(𝑥 > 𝑎 + 𝜎) =
1

4
  But 𝜎 = √

3

4
=
√3

4
 

      ∫
1

3
𝑑𝑥 =

1

4

2.5

𝑎+
√3

4

   → [
𝑥

3
]
𝑎+

√3

4

2.5

=
1

4
   →

2.5−(𝑎+
√3

4
)

3
=
1

4
   → 𝑎 +

√3

4
= 2.5 −

3

4
  

∴ 𝑎 = 0.8840 

 

14. (i) Price relatives= (
𝑷𝟐𝟎𝟏𝟏

𝑷𝟐𝟎𝟏𝟎
𝒙𝟏𝟎𝟎) 

     Aspirin: 
125

80
𝑥100 = 𝟏𝟓𝟔. 𝟐𝟓,   Panadol: 

90

100
𝑥100 = 𝟗𝟎,  

     Quinine: 
75

55
𝑥100 = 𝟏𝟑𝟔. 𝟑𝟔𝟑𝟔,      Coartem: 

100

90
𝑥100 = 𝟏𝟏𝟏. 𝟏𝟏𝟏𝟏 

 

(ii) Simple aggregate price index = 
∑𝑃2011

∑𝑃2010
𝑥100 =

(125+90+75+100)

(80+100+55+90)
𝑥100 

                                                                             =
390

325
𝑥100 

                                                                             = 120 

 

(iii) Weighted price Index =
∑(
𝑃2011
𝑃2010

)𝑤

∑𝑊
𝑥100 =

(
125

80
𝑥45+

90

100
𝑥90+

75

55
𝑥10+

100

90
𝑥10)

45+90+10+10
𝑥100 

                                                                    = 113.5871 

       Hence the prices in 2011 increased by 13.5871% 

 

(iv) Weighted aggregate Price Index =
∑(𝑃2011)𝑤

∑(𝑃2010)𝑤
𝑥100  

                                                           =
(125𝑥45+90𝑥90+75𝑥10+100𝑥10)

(80𝑥40+100𝑥70+55𝑥8+90𝑥10)
𝑥100 

                                                           =
15475

11540
𝑥100 = 134.0988 

 

       Hence the price in 2011 increased by 34.0988% 

 

 

 

mailto:niyirinda@gmail.com


11 
 

Compiled by Theode Niyirinda, GHS 0776 286483/0703 033048  niyirinda@gmail.com     

 
   

MECHANICS 

15. (a)   𝐹 = 𝑚𝑎        0.2𝑎 = 8𝑡𝒊̃ − 4𝑡2𝒋̃ + 2(3 − 𝑡2)𝒌̃   

                                  𝑎 = (40𝑡𝒊̃ − 20𝑡2𝒋̃ + 10(3 − 𝑡2𝒌) 

            Hence 𝑣 = ∫𝑎𝑑𝑡   → 𝑣 = ∫(40𝑡𝒊̃ − 20𝑡2𝒋̃ + 10(3 − 𝑡2𝒌)𝑑𝑡  

                                                 𝑣 = 20𝑡2𝒊 −
20

3
𝑡3𝒋 + 10(3𝑡 −

𝑡

3

3
)𝒌 + 𝑐 

              When t=0s, c= 0.   ∴  𝑣 = 20𝑡2𝒊 −
20

3
𝑡3𝒋 + 10(3𝑡 −

𝑡

3

3
)𝒌 

      (b) 𝑟(𝑡) = 𝑟(𝑜) + 𝑣. 𝑡   

           𝑟(𝑡) = (−10 𝑖 + 12𝑗 − 4𝑘) + [20𝑡2𝒊 −
20

3
𝑡3𝒋 + 10 (3𝑡 −

𝑡

3

3
) 𝒌] 𝒕 

            𝑟(𝑡) = (20𝑡3 − 10)𝑖 + (12 −
20

3
𝑡4) 𝑗 + (30𝑡2 −

10

3
𝑡4 − 4) 𝑘 

   When 𝑡 = 2𝑠,        𝑟(2) = (20𝑥8 − 10)𝑖 + (12 −
20

3
𝑥16) 𝑗 + (30𝑥4 −

10

3
𝑥24 − 4) 𝑘 

                 𝑟(2) = 150𝑖 −
284

3
𝑗 +

188

3
𝑘 

 ∴ 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒, |𝑟(2)| = √(1502 + (−
284

3
)2 + (

188

3
)
2

 = 188.1194m 

 

16. (i) 𝐹 = (
𝑡

2
− 1

𝑡 − 3
) + (

𝑡

2
+ 2

𝑡

2
− 4

) + (
𝑡 − 3
3𝑡 − 2

) = (
2𝑡 − 2
9𝑡

2
− 9)𝑁     

         Work done = F.𝐴𝐵̅̅ ̅̅  = (
2𝑥1 − 2
9𝑥1

2
− 9 ) . [(

7
−9
) − (

4
−5
)] =  (

0

−
9

2

) . (
3
−14

) = 0 + 63 = 63𝐽 

       (ii) F=ma, 4𝑎 = (
2𝑥2 − 2
9𝑥2

2
− 9 )     4𝑎 = (

2
0
)   𝑎 = (

0.5
0
)    

            Hence |𝑎| = √(0.5)2 + 0  ∴ |𝑎| = 0.5𝑚/𝑠2 

      (iii) Power=F.V  𝑃𝑜𝑤𝑒𝑟 = (
2𝑥2 − 2
9𝑥2

2
− 9 ) . (

3
−6
) = (

2
0
) . (

3
−6
) = 6 + 0 = 6𝑊    

17. (a) 

          

4kg mass:   4gsin60°-T = 4a  ……….(1) 

2kg mass:    T – 2gSin30°=2a ………(2) 

Adding (1) and (2) 

4gsin60° - 2gSin30° =6a 

  a= 4.0247 m/s2 

Tension: T = 2(4.0247 +9.8Sin30°) 

                   = 17.8494N 
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18. (a) Resultant force, 𝐹 = (
1
−4
) + (

3
6
) + (

−9
1
) + (

5
−3
) = (

0
0
)  

         Moment, M =|
3 −1
1 −4

| + |
2 2
3 6

| + |
−1 −1
−9 1

| + |
−3 4
5 −3

|  

                               = (−12 + 1) + (12 − 6) + (−1 − 9) + (9 − 20) 

                               = -26Nm. 

         Since the resultant, F = 0 and the moment, M=26Nm in Clockwise direction, then the  

         forces reduce to a couple 

(b) The fourth force, F4 =(
5
−3
)𝑁, hence the resultant force of the remaining forces is 

      𝐹 = (
−5
3
) 

        Magnitude, |𝐹| = √(−5)2 + 32 = √34 = 5.8310N 

             

 

19. (a)  

          

 

 

 

 

 

4kg mass:   4gsin60°- 0.25R-T = 4a, But R = 4gCos60° 

                   4gsin60° - 0.25x4gCos60°-T = 4a…….(3) 

2kg mass:    T – 2gSin30°=2a ………(4) 

Adding (3) and (4) 

4gsin60° - 0.25x4gCos60°- 2gSin30° =6a 

  a= 3.2080 m/s2 

 

 

 

 

tan𝜃 =
3

5
   ∴ 𝜃 = 30.96° Hence the resultant force is 5.8310N acting at angle of 

300.96°  or N29.04°W  

(b) 

Range, 𝑎 = (𝑣𝑐𝑜𝑠𝜃).
2𝑣𝑠𝑖𝑛𝜃

𝑔
=
2𝑣2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

𝑔
=
𝑣2𝑠𝑖𝑛2𝜃

𝑔
 

∴ 𝑠𝑖𝑛2𝜃 =
𝑎𝑔

𝑣2
        → 𝑐𝑜𝑠𝜃 =

√𝑣4−(𝑎𝑔)2

𝑣2
 

Maximum height, 𝑥 =
𝑣2𝑠𝑖𝑛2𝜃

2𝑔
 But 𝑠𝑖𝑛2𝜃 =

1

2
(1 − 𝑐𝑜𝑠2𝜃) 

𝑥 =
𝑣2.
1
2 (1 −

√𝑣4 − (𝑎𝑔)2

𝑣2
)

2𝑔
 

4𝑔𝑥 = 𝑣2 −√𝑣4 − (𝑎𝑔)2) 

(4𝑔𝑥 − 𝑣2)2 = (√𝑣4 − (𝑎𝑔)2)2 

16𝑔2𝑥2 − 8𝑔𝑣2𝑥 + 𝑣4 = 𝑣4 − 𝑎2𝑔2 

16𝑔2𝑥2 − 8𝑔𝑣2𝑥 + 𝑎2𝑔2 = 0 

16𝑔𝑥2 − 8𝑣2𝑥 + 𝑎2𝑔 = 0 
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(b) 

             

     𝑪𝒂𝒔𝒆 𝟐: 1 = 24𝑡𝑎𝑛𝜃 −
10𝑥242(1+𝑡𝑎𝑛2𝜃)

2𝑈2
  

 1 = 24𝑡𝑎𝑛𝜃 −
2880(1+𝑡𝑎𝑛2𝜃)

𝑈2
       → (1 + 𝑡𝑎𝑛2𝜃) =

(24𝑡𝑎𝑛𝜃−1)𝑈2

2880
……………… . . (𝑖𝑖)  

Equating (i) and (ii)  

(6𝑡𝑎𝑛𝜃 − 1)𝑈2

360
=
(24𝑡𝑎𝑛𝜃 − 1)𝑈2

2880
 

8(6𝑡𝑎𝑛𝜃 − 1) = (24𝑡𝑎𝑛𝜃 − 1) 

48𝑡𝑎𝑛𝜃 − 24𝑡𝑎𝑛𝜃 − 7 = 0    → 𝑡𝑎𝑛𝜃 =
7

24
    ∴ 𝜃 = 16.3° 

 

 

20. (a) 

 

 

PQ = 15m = s, u =0m/s 

From 𝑣2 = 𝑢2 + 2𝑎𝑠, Hence 𝑣2 = 0 + 2𝑥8.9𝑥15      ∴ 𝑣 = 16.3401𝑚/𝑠 

(b) Volume per second, 𝑣 = 𝑠𝑝𝑒𝑒𝑑𝑥𝑎𝑟𝑒𝑎 = 7.5𝑥
10

10,000
= 7.5𝑥10−3𝑚3/𝑠 

     Mass per second, 𝑚 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦𝑥𝑣𝑜𝑙𝑢𝑚𝑒 𝑝𝑒𝑟 𝑠𝑒𝑐𝑜𝑛𝑑 = 1000𝑥7.5𝑥10−3 = 7.5𝑘𝑔/𝑠 

     Work done per second = 𝐾. 𝐸 +  𝑃. 𝐸 =
1

2
𝑥7.5𝑥7. 52 + 7.5𝑥9.8𝑥10 = 945.9375𝐽/𝑠 

     Hence Power done = 945.9375W 

 

Using F =ma, 

Along the inclined plane:  

42.25𝐶𝑜𝑠𝜃 –  0.25𝑅 − 2𝑔𝑆𝑖𝑛𝜃 =  2𝑎, But R = 2gCos𝜃 

42.25Cos𝜃 − 0.25𝑥2𝑔𝐶𝑜𝑠𝜃 − 2𝑔𝑆𝑖𝑛𝜃 = 2𝑎,  Sin𝜃 =
3

5
 hence Cos𝜃 =

4

5
 

𝑎 =
42.25𝑥

4
5
− 2𝑥10(0.25𝑥

4
5
+
3
5
)

2
= 8.9𝑚/𝑠2 

 

From equation of a trajectory; 𝑦 = 𝑥𝑡𝑎𝑛𝜃 −
𝑔𝑥2(1+𝑡𝑎𝑛2𝜃)

2𝑢2
 

𝑪𝒂𝒔𝒆 𝟏:      2 = 12𝑡𝑎𝑛𝜃 −
10𝑥122(1 + 𝑡𝑎𝑛2𝜃)

2𝑈2
 

1 = 6𝑡𝑎𝑛𝜃 −
360(1 + 𝑡𝑎𝑛2𝜃)

𝑈2
 

(1 + 𝑡𝑎𝑛2𝜃) =
(6𝑡𝑎𝑛𝜃 − 1)𝑈2

360
…………… . . (𝑖) 
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21. (a) 

        

    (b)  

 

       

 

22.  

                                

 

 

 

 

23. (a) 

       

          

5gSin𝜃 − 0.4𝑅 = 5𝑎 ,  But 𝑅 = 5𝑔𝐶𝑜𝑠𝜃  

𝑎 =
5𝑥9.8(

4
5
− 0.4𝑥

3
5
)

5
= 5.488𝑚/𝑠2 

From 𝑣2 = 𝑢2 + 2𝑎𝑠 

𝑣2 = 0 + 2𝑥5.488𝑥8     ∴ 𝑣 = 9.3906𝑚/𝑠 

(i) 2kg Pulley: 2𝑇 − 2𝑔 = 2𝑎…………(i) 

5Kg mass: 5g – T = 5x2a           T = 5(g – 2a)…………..(ii) 

Putting eqn(ii) in eqn(i) 

2x5(g -2a) – 2g = 22a     22a=8g      

∴ 𝑎 =
8𝑥9.8

22
= 𝟑. 𝟓𝟔𝟑𝟔𝒎/𝒔𝟐 (𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 2𝑘𝑔 𝑝𝑢𝑙𝑙𝑒𝑦)  and  

Acceleration of 5Kg mass = 2x3.5636 = 7.1272m/s2 

 
(ii) From eqn(ii);       T =5(9.8 – 2x3.5636) = 13.364N 

(iii) 𝑠 = 0𝑥1.5 +
1

2
𝑥3.5636𝑥1. 52 = 4.0091𝑚 

 

Vertical displacement: −5 = (21𝑠𝑖𝑛30°)𝑡 −
1

2
𝑥9.8𝑥𝑡2 

−5 = (
21

2
) 𝑡 −

9.8

2
𝑡2      → 9.8𝑡2 − 21𝑡 − 10 = 0 

                           𝑡 = 2.544𝑠 𝑜𝑟 𝑡 = −0.401𝑠   

                           Hence 𝑡 = 2.544𝑠   

Horizontal displacement: 𝑥 = (21𝑐𝑜𝑠30)𝑥2.544 = 46.2665𝑚 

 

Time of flight: 𝑇 =
2𝑥40𝑆𝑖𝑛𝛼

10
    → 𝑠𝑖𝑛𝛼 =

𝑇

8
…… . . (𝑖) 

𝑅𝑎𝑛𝑔𝑒: 80 = (40𝑐𝑜𝑠𝛼)𝑇  → 𝑐𝑜𝑠𝛼 =
2

𝑇
……… . . (𝑖𝑖) 

                          (𝑆𝑖𝑛𝛼)2 + (𝑐𝑜𝑠𝛼)2 = 1  

(
𝑇

8
)
2

+ (
2

𝑇
)
2

= 1 

𝑇4 + 256

64𝑇2
= 1   ∴ 𝑇4 − 64𝑇2 + 256 = 0 
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   (b)  

           

 

 

From (i) 𝑇1𝑥
4

5
+ 𝑇2𝑥

3

5
= 50𝑔            4𝑇1 + 3𝑇2 = 250𝑔………… . . (𝑖𝑖𝑖) 

          (ii) 𝑇1𝑥
3

5
= 𝑇2𝑥

4

5
              𝑇1 =

4

3
𝑇2 ………..(iv) 

Using (iv)  in (iii) 4𝑥
4

3
𝑇2 + 3𝑇2 = 250𝑔          𝑇2 =

3𝑥250𝑥9.8

25
= 294𝑵                             

Hence 𝑇1 =
4

3
𝑥294 = 𝟑𝟗𝟐𝑵 

Method 2: Using Lami’s theorem 

 

      

 

24.  

             

 

 

       𝑀𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒, |𝑅| = √82 + 162 = 17.8885𝑁      𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛,      𝑇𝑎𝑛𝛼 =
16

8
    𝛼 = 63.4° 

Hence the magnitude of the reaction at A is 17.8885N acting at angle of 63.4° to the 

horizontal. 

Resolving vertically:      𝑇1𝑆𝑖𝑛𝜃 + 𝑇2𝑆𝑖𝑛𝛼 = 50𝑔…………………..(i) 

Resolving Horizontally: 𝑇1𝐶𝑜𝑠𝜃 = 𝑇2𝐶𝑜𝑠𝛼 …………………………..(ii)  

Using Cosine rule: 122 = 92 + 152 − 2𝑥9𝑥15𝐶𝑜𝑠𝜃  

                       𝐶𝑜𝑠𝜃 =
92+152−122

2𝑥9𝑥15
=
3

5
 Hence 𝑆𝑖𝑛𝜃 =

4

5
  ∴ 𝜃 = 53.1°  

             Also             92 = 122 + 152 − 2𝑥12𝑥15𝐶𝑜𝑠𝛼  

                      𝐶𝑜𝑠𝛼 =
122+152−92

2𝑥12𝑥15
=
4

5
 Hence 𝑆𝑖𝑛𝛼 =

3

5
   ∴ 𝛼 = 36.9°  

 

𝑇1
𝑆𝑖𝑛(36.1 + 90°)

=
𝑇2

𝑆𝑖𝑛(53.1 + 90°)
=

50𝑔

𝑆𝑖𝑛90°
 

∴ 𝑇1 =
50𝑥9.8𝑥𝑠𝑖𝑛126.9°

𝑠𝑖𝑛90°
= 391.8455 ≈ 392𝑁 

Also; 𝑇2 =
50𝑥9.8𝑥𝑠𝑖𝑛143.1°

𝑠𝑖𝑛90°
= 294.2059 ≈ 294𝑁 

Taking moments about point A; 

𝑇𝑥100𝑆𝑖𝑛𝜃 = 20𝑥60   But 𝑆𝑖𝑛𝜃 =
75

125
=
3

5
 𝑎𝑛𝑑 𝐶𝑜𝑠𝜃 =

4

5
  

𝑇𝑥100𝑥
3

5
= 20𝑥60      ∴ 𝑇 =

5𝑥1200

300
= 20𝑁      

Resolving:  

Vertically: 𝑇𝑆𝑖𝑛𝜃 + 𝑅𝑦 = 20  → 20𝑥
3

5
+ 𝑅𝑦 = 20 → 𝑅𝑦 = 8𝑁 

Horizontally: 𝑅𝑥 = 𝑇𝐶𝑜𝑠𝜃   → 𝑅𝑥 = 20𝑥
4

5
= 16𝑁 
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25. (a)          

        Let U be the initial velocity. 

        𝑈𝑠𝑖𝑛𝑔 𝑆 = 𝑢𝑡 +
1

2
𝑎𝑡2 

   𝑰𝒏 𝟑𝒓𝒅 𝒔𝒆𝒄𝒐𝒏𝒅: 𝑥 = (𝑢𝑥3 +
1

2
𝑎(3)2) − (𝑢𝑥2 +

1

2
𝑎(2)2) = 𝑢 +

5

2
𝑎 

𝑎 =
2

5
(𝑥 − 𝑢)……… . (𝑖) 

𝑰𝒏 𝟒𝒕𝒉 𝒔𝒆𝒄𝒐𝒏𝒅: 𝑦 = (𝑢𝑥4 +
1

2
𝑎(4)2) − (𝑢𝑥3 +

1

2
𝑎(3)2) = 𝑢 +

7

2
𝑎 

𝑎 =
2

7
(𝑦 − 𝑢)……… . (𝑖𝑖) 

      𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔(𝑖)𝑎𝑛𝑑 (𝑖𝑖) 
2

5
(𝑥 − 𝑢) =

2

7
(𝑦 − 𝑢)     → 𝑥 − 𝑢 =

5

7
(𝑦 − 𝑢)      → 7𝑥 − 7𝑢 = 5𝑦 − 5𝑢   

                                                                            → 2𝑢 = 7𝑥 − 5𝑦  ∴ 𝒖 =
𝟏

𝟐
(𝟕𝒙 − 𝟓𝒚) 

 

(b).   

     
 

26.   

                                           

  (i) Resultant force, 𝐹 = (
6
0
) + (

0
6
) + (

−4
0
) + (

0
8
) + (

10𝐶𝑜𝑠𝛼
−10𝑆𝑖𝑛𝛼

) = (
2 + 10𝑥

4

5

14 − 10𝑥
3

5

) = (
10
8
) 

           Magnitude |𝐹| = √102 + 82 = 𝟏𝟐. 𝟖𝟎𝟔𝟐𝑵  

𝐴𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑔𝑖𝑜𝑛: 𝑥 =
1

2
. 𝑉. 𝑡1    → 𝑡1 =

2𝑥

𝑉
 

𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑟𝑒𝑔𝑖𝑜𝑛: 3𝑥 = 𝑉. 𝑡2 → 𝑡2 =
3𝑥

𝑉
  

𝐷𝑒𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑔𝑖𝑜: 2𝑥 =
1

2
. 𝑉. 𝑡3   → 𝑡3 =

4𝑥

𝑉
  

𝑇𝑜𝑡𝑎𝑙 𝑡𝑖𝑚𝑒: 𝑇 = 𝑡1 + 𝑡2 + 𝑡3 

𝑇 =
2𝑥

𝑉
+
3𝑥

𝑉
+
4𝑥

𝑉
=
𝟗𝒙

𝑽
𝑠 

 

𝑆𝑖𝑛𝛼 =
3

5
, 𝐶𝑜𝑠𝛼 =

4

5
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(ii) Let the resultant force act at a point (x,y) 

   𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑚𝑜𝑚𝑒𝑛𝑡 = |
𝑥 𝑦
10 8

| = 8𝑥 − 10𝑦……… . . (𝑖) 

  𝑇𝑎𝑘𝑖𝑛𝑔 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 𝑎𝑏𝑜𝑢𝑡 𝑝𝑜𝑖𝑛𝑡 𝐵,𝑀 = 4𝑥3 − 8𝑥4 = −20𝑁𝑚…… . . (𝑖𝑖) 

 

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑓𝑜𝑟𝑐𝑒 𝑎𝑛𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑎𝑢𝑙 𝑓𝑜𝑟𝑐𝑒𝑠 

8𝑥 –  10𝑦 =  −20    

𝐻𝑒𝑛𝑐𝑒 𝟒𝒙 − 𝟓𝒚 + 𝟏𝟎

= 𝟎 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑜𝑓 𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑓𝑜𝑟𝑐𝑒 

 

(iii) It cuts AB produced when y = 0,  4𝑥 − 5(0) + 10 = 0    → 4𝑥 = −10    → 𝑥 =

−2.5𝑚 

      Hence the line of action cuts AB at a distance of 2.5m from B on the left. 

      

 

27. (a) 𝑤𝑒𝑖𝑔ℎ𝑡 ∝ 𝑙𝑒𝑛𝑔ℎ𝑡  → 𝑤𝛼 𝑙  → 𝑤 = 𝑔𝑙 𝑤ℎ𝑒𝑟𝑒 𝑔 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 
 

Note: Each length is uniform, so the resultant mass is at the centre 

(10 + 5 + 4 + 5)𝑔 (
𝑥̅
𝑦̅
) = 10𝑔 (

5
0
) + 5𝑔 (

8.5
2
) + 4𝑔 (

5
4
) + 5𝑔 (

1.5
2
)  

24 (
𝑥̅
𝑦̅
) = (

120
36
)     ∴ (

𝑥̅
𝑦̅
) = (

5
1.5
) 

 

Hence centre of gravity is at a point (5, 1.5) 

 

 

 

 

Direction: 𝑡𝑎𝑛𝛽 =
8

10
    ∴ 𝛽 = 𝟑𝟖. 𝟕° 

Hence the magnitude of resultant force is 12.8062N acting  

at angle of 38.7° to the horizontal. 

𝐴𝐵 = √(10 − 0)2 + (0 − 0)2 = 10 𝑢𝑛𝑖𝑡𝑠 

𝐵𝐶 = √(7 − 10)2 + (4 − 0)2 = 5 𝑢𝑛𝑖𝑡𝑠 

𝐶𝐷 = √(7 − 3)2 + (4 − 4)2 = 4 𝑢𝑛𝑖𝑡𝑠 

𝐴𝐷 = √(3 − 0)2 + (4 − 0)2 = 5 𝑢𝑛𝑖𝑡𝑠 
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(b) (i) If ABCD is a lamina, 𝑤𝑒𝑖𝑔ℎ𝑡 ∝ 𝑎𝑟𝑒𝑎  → 𝑤𝛼𝐴  → 𝑤 = 𝑔𝐴 

 

 

Body Area (sq. units) Weight Position of c.o.g from origin 

1st triangle 1

2
𝑥3𝑥4 = 6 

6g 
(
2

3
𝑥3,
1

3
𝑥4) = (2,

4

3
 ) 

Rectangle 4x4 = 16 16g 
(3 +

1

2
𝑥4,
1

2
𝑥4) = (5,2 ) 

2nd triangle 1

2
𝑥3𝑥4 = 6 

6g 
(7 +

1

3
𝑥3,
1

2
𝑥4) = (8,2) 

Whole body 28 28g (𝑥̅, 𝑦̅) 

 

28𝑔 (
𝑥̅
𝑦̅
) = 6𝑔 (

2
4
3⁄
) + 16𝑔 (

5
2
) + 6𝑔 (

8
2
) 

 

28 (
𝑥̅
𝑦̅
) = (

140
52
)    ∴ (

𝑥̅
𝑦̅
) = (

5
1.8571

) 

 

Hence centre of gravity is at a point (5, 1.8571) 

 

 
 

 

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑚𝑎𝑑𝑒 𝑏𝑦 𝐴𝐵 𝑤𝑖𝑡ℎ 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑏𝑒 𝛽 

𝑇𝑎𝑛𝛽 =
(10 − 5)

1.8571
   ∴ 𝛽 = 69.6° 
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28. (a) 𝐹 = 𝑚𝑎     (2𝒊 + 3𝒋 − 4𝒌) = 5𝒂    ∴ 𝒂 =
1

5
(2𝒊 + 3𝒋 − 4𝒌)𝒎/𝒔𝟐 

(b)  𝑣 = ∫𝑎𝑑𝑡      → 𝑣 = ∫
1

5
(2𝒊 + 3𝒋 − 4𝒌)𝒅𝒕    𝑣 =

1

5
(2𝑡𝒊 + 3𝑡𝒋 − 4𝑡𝒌) + 𝒄 

     𝑊ℎ𝑒𝑛 𝑡 = 0, 𝑣 = 0 → 𝑐 = 0       

    𝐻𝑒𝑛𝑐𝑒 when t=3s,  𝑣 =
1

5
(2𝑥3𝒊 + 3𝑥3𝒋 − 4𝑥3𝒌)    →  𝒗 =

𝟏

𝟓
(𝟔𝒊 + 𝟗𝒋 − 𝟏𝟐𝒌)𝒎/𝒔 

(c)  𝑟(𝑡) = 𝑟(0) + 𝑣. 𝑡  → 𝑟(3) = (
−2
1
0
) +

(

 
 

6
5⁄

9
5⁄

−12
5⁄ )

 
 
𝑥3 =

(

 
 

8
5⁄

32
5⁄

−36
5⁄ )

 
 

m 

Distance from the origin |𝑟(3)| = √(
8

5
)
2

+ (
32

5
)
2

+ (
−32

5
)
2

  = 9.1913𝑚 

 

29. 𝑉̂𝑐 = (
20𝑠𝑖𝑛40°
20𝑐𝑜𝑠40°

)  𝑉̂𝑤 = (
10𝑐𝑜𝑠60°
−10𝑠𝑖𝑛60°

)     

  𝑤𝑉𝑐 =   𝑉𝑤 − 𝑉𝑐 = (
10𝑐𝑜𝑠60°
−10𝑠𝑖𝑛60°

) − (
20𝑠𝑖𝑛40°
20𝑐𝑜𝑠40°

) = (
−7.8558
−23.9811

)  

 

|𝑤𝑉𝑐| = √(−7.8558)2 + (−23.9811)2 = 25.2350𝑘𝑚/ℎ𝑟 

Direction 𝑡𝑎𝑛𝜃 =
23.9811

7.8558
  ∴ 𝜃 = 71.9° 

Hence |𝑤𝑉𝑐| = 25.2350𝑘𝑚ℎ𝑟−1 𝑎𝑐𝑡𝑖𝑛𝑔 𝑎𝑡 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 71.9° 𝑡𝑜 𝑡ℎ𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑜𝑟  

𝑆18.1° 𝑊 𝑜𝑟198.1° 

 

Method 2:  

 
b(i) 

 

|𝑤𝑉𝑐|2 = 202 + 102 − 2𝑥10𝑥20𝐶𝑜𝑠110° 

|𝑤𝑉𝑐| = 25.2350 𝑘𝑚/ℎ𝑟 

𝑆𝑖𝑛𝜃

10
=
𝑆𝑖𝑛110°

25.2350
 

𝜃 = 𝑠𝑖𝑛−1 (
10𝑆𝑖𝑛110°

25.2350
) = 21.9° 

 

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑆18.1° 𝑊 𝑜𝑟 198.1°  

 

𝑉𝐴 = (
0
12
),     𝑉𝐵 = (

−13𝐶𝑜𝑠70°
13𝑠𝑖𝑛70°

) 

𝑟𝐴 = (
0
0
) + (

0
12
) 𝑡 = (

0
12𝑡

) 

𝑟𝐵 = (
5.2
0
) + (

−13𝐶𝑜𝑠70°
13𝑠𝑖𝑛70°

) 𝑡 = (
5.2 − 13𝑡𝐶𝑜𝑠70°
13𝑡𝑠𝑖𝑛70°

) 
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BrA =  rB – rA = (
5.2 − 13𝑡𝐶𝑜𝑠70°
13𝑡𝑠𝑖𝑛70°

) − (
𝑜
12𝑡

) = (
5.2 − (13𝐶𝑜𝑠70°)𝑡
(13𝑠𝑖𝑛70° − 12)𝑡

) 

 

(ii) At 8:30, 𝑡 = 30𝑚𝑖𝑛 −
1

2
ℎ𝑟𝑠 

BrA (𝑡 =
1

2
) = (

5.2 − (13𝐶𝑜𝑠70°)𝑥0.5
(13𝑠𝑖𝑛70° − 12)𝑥0.5

) = (
2.9769

0.1080
) 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐴 𝑎𝑛𝑑 𝐵 = √(2.9769)2 + (0.1080)2 = 2.9789𝑘𝑚  

 

 

30. (i) 

 

 

Let the extension at equilibrium be 𝒆 

At equilibrium: 𝑴𝒈 = 𝑻 = (
𝟒𝑴𝒈

𝑳
) 𝒆     → 𝒆 =

𝑳

𝟒
 

When displaced through a distance, 𝒙, restoring force,  

𝑭𝒐𝒓𝒄𝒆 = 𝑴𝒈 − 𝑻𝟏, 𝒘𝒉𝒆𝒓𝒆 𝑻𝟏 𝒊𝒔 𝒏𝒆𝒘 𝒕𝒆𝒏𝒔𝒊𝒐𝒏 

𝑴𝒂 = 𝑴𝒈−
𝟒𝑴𝒈

𝑳
(𝒙 + 𝒆) 

𝑴𝒂 = 𝑴𝒈 −
𝟒𝑴𝒈

𝑳
𝒙 −

𝟒𝑴𝒈

𝑳
𝒆;      𝑩𝒖𝒕: 𝑴𝒈 = (

𝟒𝑴𝒈

𝒍
) 𝒆      

𝑴𝒂 = 𝑴𝒈− (
𝟒𝑴𝒈

𝑳
)𝒆 −𝑴𝒈 = − (

𝟒𝑴𝒈

𝑳
)𝒆   

𝐿𝑒𝑡 𝑨 𝑏𝑒 𝑡ℎ𝑒 𝑙𝑜𝑤𝑒𝑠𝑡 𝑝𝑜𝑖𝑛𝑡 , 𝑷 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 𝑎𝑛𝑑 𝒚 𝑡ℎ𝑒 𝑒𝑥𝑡𝑒𝑛𝑠𝑖𝑜𝑛  

𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑖𝑛𝑔.  

Using the principle of conservation of energy 

(𝐾. 𝐸 + 𝑃. 𝐸 + 𝐸. 𝑃. 𝐸)𝑜 = (𝐾. 𝐸 + 𝑃. 𝐸 + 𝐸. 𝑃. 𝐸)𝐴 

(0 + 𝑚𝑔(𝐿 + 𝑦) + 0) = 0 + 0 +
1

2

4𝑀𝑔

𝐿
𝑦2 

(𝐿 + 𝑦) =
2

𝐿
𝑦2 

2𝑦2 − 𝐿𝑦 − 𝐿2 = 0 

(2𝑦9 + 𝐿)(𝑦 − 𝐿) = 0 

𝑦 = −
𝐿

2
 𝑜𝑟 𝑦 = 𝐿 

𝐻𝑒𝑛𝑐𝑒 𝑔𝑟𝑒𝑎𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑙𝑜𝑤 𝑂 = 𝑳 + 𝑳 = 𝟐𝑳 
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∴ 𝒂 = −(
𝟒𝒈

𝑳
)𝒙 

Compare with 𝒂 = −𝝎𝟐𝒙      → 𝝎𝟐 =
𝟒𝒈

𝑳
   → 𝝎 = √

𝟒𝒈

𝑳
= 𝟐√

𝒈

𝑳
  

𝑨𝒎𝒑𝒍𝒊𝒕𝒖𝒅𝒆, 𝑨 = 𝑳 −
𝑳

𝟒
=
𝟑𝑳

𝟒
 

𝑨𝒄𝒄𝒆𝒍𝒆𝒓𝒂𝒕𝒊𝒐𝒏 𝒂𝒕 𝑳 = 𝑨𝝎𝟐 =
𝟑𝑳

𝟒
𝒙
𝟒𝒈

𝑳
= 𝟑𝒈 

 

(ii) 𝑾𝒉𝒆𝒏 𝒂𝒄𝒄𝒆𝒍𝒆𝒓𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒛𝒆𝒓𝒐, 𝒗𝒆𝒍𝒐𝒄𝒊𝒕𝒚 𝒊𝒔 𝒎𝒂𝒙𝒊𝒎𝒖𝒎,  

𝑽𝒎𝒂𝒙 = 𝑨𝒘 =
𝟑𝑳

𝟒
𝒙𝟐√

𝒈

𝑳
=
𝟑

𝟐
√𝒈𝑳 

Hence speed is 𝟏. 𝟓√𝒈𝑳 
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NUMERICAL METHODS 

31.  (a) (i) 

9.043 − 7.621

46.93 − 48.11
=
8.614 − 7.621

𝑥 − 48.11
    

 ∴ x = 47.2861     

              (ii) 

51.07 50.24 48.11 

   y 4.116 7.621 

 

               (b) 

ℎ =
2−1

5
= 0.2   Let 𝑦 =

𝑥2

𝑥2+1
 

x y0, y6 y1,….y5 

1.0 0.5  

1.2  0.5902 

1.4  0.6622 

1.6  0.7191 

1.8  0.7642 

2.0 0.8  

Sum 1.3 2.7357 

 

(c) ∫
𝑥2

𝑥2+1
𝑑𝑥

2

1
= ∫ (1 −

1

𝑥2+1
)𝑑𝑥 = [𝑥 − 𝑡𝑎𝑛−1(𝑥)]1

2 =
2

1
 

                                                        = (2 − 𝑡𝑎𝑛−1(2)) − (1 − 𝑡𝑎𝑛−1(1)) = = 0.678                                      

     Error can be reduced by increasing the number of strips or sub-intervals 

 

32. ℎ =
2−1

6
=
1

6
   Let 𝑦 = (𝑥 − 1)𝑙𝑛𝑥 

x y0, y6 y1,….y5 

1.0 0.00000  
7
6⁄   0.02569 

4
3⁄   0.09589 

3
2⁄   0.20273 

5
3⁄   0.34055 

  11 6⁄   0.50511 

2.0 0.69315  

Sum 0.69315 1.16997 

𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑒𝑟𝑟𝑜𝑟 = |𝐸𝑥𝑎𝑐𝑡 𝑣𝑎𝑙𝑢𝑒 − 𝑎𝑝𝑝𝑟𝑜𝑥. 𝑣𝑎𝑙𝑢𝑒| = |0.25 − 0.2528| = 0.0028 

48.11 x 46.93 

 7.621 8.614 9.043 

7.621 − 𝑦

48.11 − 51.07
=
7.621 − 4.116

48.11 − 50.24
       ∴ 𝑦 = 2.7503 

     𝐻𝑒𝑛𝑐𝑒 𝑓−1(51.07) = 2.7503   

 

     

 

∫
𝑥2

𝑥2 + 1
𝑑𝑥

2

1

≈
1

2
𝑥0.2(1.3 + 2𝑥2.7357) = 0.677  (3𝑑. 𝑝𝑠) 

∫ (𝑥 − 1)𝑙𝑛𝑥𝑑𝑥
2

1

≈
1

2
𝑥
1

6
(0.69315 + 2𝑥1.16997)                 = 0.2528  (4𝑑. 𝑝𝑠) 

Exact value: ∫ (𝑥 − 1)𝑙𝑛𝑥𝑑𝑥
2

1
=
1

2
[𝑙𝑛𝑥(𝑥2 − 2𝑥)]1

2 − ∫ (
𝑥2

2
− 𝑥) .

1

𝑥

2

1
𝑑𝑥 

                                                     =
1

2
[𝑙𝑛𝑥(𝑥2 − 2𝑥)]1

2 − ∫ (
𝑥

2
− 1)

2

1
𝑑𝑥 

= 
1

2
⌈(𝑙𝑛𝑥(𝑥2 − 2𝑥))⌉

1

2

− ⌈
𝑥2

4
− 𝑥⌉

1

2

= (0 − 0) − (−1 −−
3

4
) = 0.25 
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33. Error, 𝑒 = (𝑥 + ∆𝑥)2(𝑦 + ∆𝑦) − 𝑥2𝑦 

              = (𝑥2 + 2𝑥∆𝑥 + (∆𝑥)2)(𝑦 + ∆𝑦) − 𝑥2𝑦 

              = 𝑥2𝑦 + 2𝑥𝑦∆𝑥 + 𝑦(∆𝑥)2 + 𝑥2∆𝑦 + 2𝑥∆𝑦∆𝑥 + ∆𝑦(∆𝑥)2 − 𝑥2𝑦 

             = 2𝑥𝑦∆𝑥 + 𝑦(∆𝑥)2 + 𝑥2∆𝑦 + 2𝑥∆𝑦∆𝑥 + ∆𝑦(∆𝑥)2 

 

Assumption: If ∆𝑥 ≪ 𝑥 𝑎𝑛𝑑  ∆𝑦 ≪ 𝑦, 𝑡ℎ𝑒𝑛 (∆𝑥)2 ≈ ∆𝑦∆𝑥 ≈ ∆𝑦(∆𝑥)2 ≈ 0,then; 

          𝑒 = 2𝑥𝑦∆𝑥 + 𝑥2∆𝑦 

 

Absolute error, |𝑒| = |2𝑥𝑦∆𝑥 + 𝑥2∆𝑦| 

                            |𝑒| ≤ |2𝑥𝑦∆𝑥| + |𝑥2∆𝑦| 

 

Hence maximum error, |𝒆| = |𝟐𝒙𝒚∆𝒙| + |𝒙𝟐∆𝒚| 

 

|𝑒| = |2(2.8)(1.44)0.0016| + |2.82(0.008)| = 0.0756 

 

Upper limit = 2.82𝑥1.44 + 0.0756 = 11.3652 

Lower limit = 2.82𝑥1.44 − 0.0756 = 11.2140 

 

 

34. (a)  Let 𝑓(𝑥) = 3𝑥3 − 𝑥 + 5 

𝑓(−1.4) = 3(−1.4)3 − (−1.4) + 5 =  −1.832 

𝑓(−1.2) = 3(−1.2)3 − (−1.2) + 5 =  1.016 

Since 𝑓(−1.4) < 0 𝑎𝑛𝑑 𝑓(−1.2) > 0, 𝑡ℎ𝑒𝑛 − 1.4 < 𝑥𝑟𝑜𝑜𝑡 < −1.2 

             (b) 

 

 

 

 (c) 𝑓(𝑥) = 3𝑥3 − 𝑥 + 5  → 𝑓1(𝑥) = 9𝑥2 − 1 

      𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥)

𝑓1(𝑥)
= 𝑥𝑛 −

(3𝑥3−𝑥+5)

9𝑥2−1
 

 

       𝑥1 = −1.329 −
(3(−1.329)3−(−1.329)+5)

9(−1.329)2−1
= −1.281 

 

       𝑥2 = −1.281 −
(3(−1.281)3−(−1.281)+5)

9(−1.281)2−1
= −1.279 

        |𝑒| = |−1.279 − −1.281| = 0.002 < 0.005   

      

        Hence  𝒙𝒓𝒐𝒐𝒕 ≈ −𝟏. 𝟐𝟖 

 

-1.4 𝑥𝑜 -1.2 

 -1.832     0 1.016 

1.016−−1.832

−1.2−−1.4
=
1.016−0

𝑥𝑜−−1.4
      ∴ 𝑥𝑜 = −1.329  
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35. (a) (𝑖)  ∆𝑙 = 0.5, ∆𝑤 = 0.005 

     (ii) 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑎𝑟𝑒𝑎 = 8.5𝑥4.265 = 36.25 

           𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑎𝑟𝑒𝑎 = 7.5𝑥4.255 = 31.91 

           𝑅𝑎𝑛𝑔𝑒 = [31.91,    36.25] 

 

(b) 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑎 𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟, 𝑣 =
1

3
𝑟2ℎ 

     Error in volume, ∆𝑣 =
1

3
(𝑟 + ∆𝑟)2(ℎ + ∆ℎ) −

1

3
𝑟2ℎ 

                                           =
1

3
(𝑟2 + 2𝑟∆𝑟 + (∆𝑟)2). (ℎ + ∆ℎ) −

1

3
𝑟2ℎ 

                            =
1

3
[(𝑟2ℎ + 2𝑟ℎ∆𝑟 + (∆𝑟)2ℎ) + 𝑟2∆ℎ + 2𝑟∆𝑟∆ℎ + (∆𝑟)2∆ℎ − 𝑟2ℎ] 

                                 =
1

3
[(2𝑟ℎ∆𝑟 + (∆𝑟)2ℎ) + 𝑟2∆ℎ + 2𝑟∆𝑟∆ℎ + (∆𝑟)2∆ℎ] 

 

𝐴𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠: 𝐼𝑓 ∆𝑟 ≪ 𝑟 𝑎𝑛𝑑 ∆ℎ ≪ ℎ, 𝑡ℎ𝑒𝑛(∆𝑟)2 ≈ ∆𝑟∆ℎ ≈ (∆𝑟)2∆ℎ ≈ 0  

                             ∆𝑣 =
1

3
[2𝑟ℎ∆𝑟 + 𝑟2∆ℎ] 

 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑟𝑟𝑜𝑟:
∆𝑣

𝑣
=

1
3
[2𝑟ℎ∆𝑟 + 𝑟2∆ℎ]

1
3 𝑟

2ℎ
= 2

∆𝑟

𝑟
+
∆ℎ

ℎ
 

Absolute relative error    ⌈
∆𝑣

𝑣
⌉ = |2

∆𝑟

𝑟
+
∆ℎ

ℎ
| 

                                       ⌈
∆𝑣

𝑣
⌉ ≤ |2

∆𝑟

𝑟
| + |

∆ℎ

ℎ
| 

 

𝑴𝒂𝒙𝒊𝒎𝒖𝒎 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒆𝒓𝒓𝒐𝒓 = |
∆𝒉

𝒉
| + 𝟐 |

∆𝒓

𝒓
| 
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36. (a)  3𝑥 = 𝑙𝑛3    𝑒3𝑋 =3                                                                                                                                                                                                               

  𝑙𝑒𝑡 𝑓(𝑥) = 𝑒3𝑋-3   f1(x)=3𝑒3𝑋 

 

𝑋𝑟+1 =𝑋𝑟-(
𝑒3𝑋𝑟−3

3𝑒3𝑥𝑟
)  =

3𝑥𝑟𝑒
3𝑥𝑟−𝑒3𝑥𝑟 +3

3𝑒3𝑥𝑟
  =
1

3
 [
𝑒3𝑥𝑟  (3𝑥𝑟−1)+3

𝑒𝑥𝑟
] 

       

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                       

                   Hence 𝒙𝒓𝒐𝒐𝒕 = 0.3662 

 

 

r 𝑥0 𝑥𝑟+1 |𝑥𝑟+1 - 𝑥𝑟 | 
0 0.33333 0.36788 0.03455 

1 0.36788 0.36621 0.00167 

2 0.36621 0.36620 0.00001 

start 

r=0 

    

𝑥𝑟+1 = 
 𝑒3𝑥𝑟  (3𝑥𝑟−1)+3

3𝑒3𝑥𝑟
 

 

READ: 𝑥0  

rr xxIs −+ 1

?00005.0  

Print: 𝑥𝑟 

stop 

1+= rr  

𝑥𝑟 = 𝑥𝑟 + 1 

NO 

YES 
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37. (a)    𝐿𝑒𝑡 𝑓(𝑥) = 𝑥 − 1 − 2𝑙𝑛𝑥      →  𝑓1(𝑥) = 1 −
2

𝑥
                                                                                                                                                                                   

𝑥𝑛+1 =𝑥𝑛-(𝑥𝑛−1−2𝑙𝑛𝑥𝑛
1−

2
𝑥𝑛

)  =
𝑥𝑛−2−(𝑥𝑛−1−2𝑙𝑛𝑥𝑛)

𝑥𝑛−2

𝑥𝑛

  =
𝑥𝑛
2−2𝑥𝑛−(𝑥𝑛

2−𝑥𝑛−2𝑥𝑛𝑙𝑛𝑥𝑛)

𝑥𝑛−2
 

=
𝑥𝑛
2 − 2𝑥𝑛 − 𝑥𝑛

2 + 𝑥𝑛 + 2𝑥𝑛𝑙𝑛𝑥𝑛
𝑥𝑛 − 2

 

                                                =
𝒙𝒏(𝟐𝒍𝒏𝒙𝒏−𝟏)

𝒙𝒏−𝟐
 

       

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

END 

start 

n=0 

    

𝑥𝑛+1 = 
𝒙𝒏(𝟐𝒍𝒏𝒙𝒏−𝟏)

𝒙𝒏−𝟐
 

 

READ: 𝑥0  

𝐼𝑠 |𝑥𝑛+1 − 𝑥𝑛| 

≤ 0.005? 

 

Print: 𝑥𝑛+1 

stop 

n = n +1 

𝑥𝑛 = 𝑥𝑛 + 1 

NO 

YES 
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